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Abstract. In this article, we completely determine the isomorphism classes 
of lattice vertex operator algebras and the vertex operator subalgebras fixed 
by a lift of the — 1-isometry of the lattice. We also provide similar results for 
certain even lattices associated with doubly-even binary codes. 

Introduction 

The lattice vertex operator algebra (VGA) Vl associated with an even lattice 
L is a fundamental example in VGA theory (; |Bo86[ IFLM88] V The VGA Vl has 
an automorphism of order 2 lifted from the —1-isometry of L, and the fixed-point 
subspace is a sub VGA of Vl ■ The famous moonshine VGA V^ was constructed 
in |FLM88| as an extension of associated with the Leech lattice A. Therefore, if 
L is a sublattice of A, then the VGA Vj^ is contained in V\ Many group theoretical 
properties of the automorphism group of V\ the Monster simple group, can be 
studied using the sub VGA V^. For instance, certain maximal 2-local subgroups of 
the Monster simple group were described using V^ ( |Sh071 IShll] ) . 

It is well-known that the VGAs Vl and Vn are isomorphic if and only if L and 
N are isomorphic. However it was shown in ISh06| that the VGAs V'^+ and 

-Die s 

are isomorphic, where D^q and Eg are (non-isomorphic) even unimodular lattices 
of rank 16. Hence it is natural to ask if this case is the only exceptional case. 

Given a doubly-even binary code C, one can obtain an even lattice C{C) — 
-^p^^(C) and a certain sublattice £'^{C) of index 2, where p is the canonical map 
from Z" to Z2 . The Leech lattice A can be constructed as an overlattice of £"'"(G24) 
f |CS99) ), where 6*24 is the extended binary Golay code. The construction of V'' in 
|FLM88) is, in some sense, analogous to this construction. Since there are many 
analogies among binary codes, lattices and VGAs ( |Ho95[ IH603al lHo08l IShTT) !. 
it is natural to ask if the VGAs Vl and Vj^ would behave like £{C) and £+(C), 
respectively. 

In this article, we completely determine when V^ and Vj^ are isomorphic as 
well as when Vj^ and Vn are isomorphic. We also obtain similar results for the 
even lattices C{C) and C^{C) associated with doubly-even binary codes C. As an 
observation, we notice that the isomorphism types of the VGAs Vl and V^ are 
closely related to those of the lattices C{C) and £'^{C) (see Table [T]). Note that 
C{K) and C~^{K) in the table are binary codes obtained from Kleinian codes K 
( [Ho03a] ) and that some results for the even lattices were already given in |KKM9l) . 
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Table 1. Isomorphism problems and the answers 



Problem 


Answer 


C{C) - C{D) 






L = N 


C+{C)^C+{D) 


C^Doy {C,D} = {ei,dt,) 


= 


L^N ov{L,N} = {ElD^^} 


C+iC) C{D) 


C^C{K) und D = C+{K) 




L'^C{C) and N^C+{C) 



Next, let us explam our method for the case Vj^ = Vj^ (Theorem 13.91) . We 
note that Vl = Vn if and only ii L ^ N (of. Proposition I3.ip . and the case 
y+ Vn (Theorem [XTU|) can be solved easily by Theorem EH Clearly, L ^ N 
implies = Vi' , and it was shown in ISh06 that = . We assume that 

^ " 'fig Uj^g 

Vj^ ^ Vj^ as VOAs. Let us consider the irreducible simple current module V^. 
By the assumption, we regard the irreducible V^-module as an irreducible 
Vj^-module M. The key is that the properties of M are similar to those of V^. 
By the classification of the irreducible modules for Vj^ ( (DN991 IAD04] ). we have 
M ^ V7, V^+i (A <^ i, e e {±}) or V^""'^ as V"/-modules. 

(i) : If M = then, Vn = Vj^ <S)V^ ^ V^ ® V^ Vl as VOAs and L ^ N 

(ii) : Assume M = ^a+l- We may assume e = + up to conjugation ( |Sh04) '). 
Since the characters of Vj^ and V^^^ are the same, we obtain an equation about 
the numbers of norm 2 vectors in L and A + L. By the characterization of £+(C) 
in |Sh06| . L = £"'"(C) and i + ZA = £(C) for some doubly-even binary code 
C. Moreover, since V^^^ = V£+(c) f |FLM88] ). we obtain Vl = V^ ® V^ = 

® ^A+L - as VOAs, and hence L ^ TV. 

(iii) : Assume M = Vj^^' . Since the lowest weights are the same, the rank of 
L is 8. Since M is a self-dual simple current, \f2L* is even. Hence L contains a 
sublattice isomorphic to \/2E^. By the same arguments for iV, N has the same 
property. Since the discriminant groups of L and N are isomorphic, we have L = N . 

(iv) : Assume M = V^*^' . Then the rank of L is 16. Moreover, both L and N 
are unimodular, or L = £+(C), N = C^{D) for some doubly-even binary codes C 
and D with the same weight enumerator. The first case is an exceptional case. In 
the latter case, either both C and D are self-dual, or C = C^{K), D = C+(J) for 
some Kleinian codes K and J with the same weight enumerator. If both C and D 
are self-dual then L = £+(C) = C^{D) = N . By the classification of even Kleinian 
codes of small length ([ HoUSaj ). we have C ^ C+{K) C+{J) ^ D. Hence L^N. 

This article also contains proofs for the corresponding results in lattices. These 
should be useful for understanding the arguments in VOAs since the approach in 
lattices is quite similar to that in VOAs. 



1. Preliminaries 

In this section, we recall or give some definitions and facts required in this article. 
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1.1. Kleinian codes. In this subsection, we recall the basic definitions for Kleinian 
codes (cf. |Ho03aj l. 

Denote the elements of the Kleinian four group K ~ Z2 x Z2 by 0, a, b, c, 
where is the identity. A (Hnear) Kleinian code K of length n is a subgroup of 
K" = Z2". The dimension of if is t if ii' has 4* elements, where t e ^Z. The 
weight wt(a;) oi x = (xi) G K" is the number of nonzero Xi. For m € Z, let K{in) 
denote the set of all elements of weight m va K. A Kleinian code K is even if 
wt(fc) G 2Z for all k E K. The symmetric bilinear product K" x K" ¥2 is defined 
hy x-y = J2'i=i ^i'Vii where a-h — b-a = l,a-c = c-a=\,c-b = b- c— 1, and zero 
otherwise. A Kleinian code is self-dual if it is equal to its orthogonal complement. 
Two Kleinian codes are equivalent if one of them is obtained from the other by a 
permutation of the coordinates together with a permutation of the symbols a, b and 
c at each coordinate. The weight enumerator of K is defined by 

Wk{X,Y) = ^ ^wt(fc)yn-wt(fc)_ 

Up to length 8, self-dual Kleinian codes were classified in |Ho03a) . 

Lemma 1.1. |Ho03a) 

(1) There is exactly one even self-dual Kleinian code of length 2, up to equiva- 
lence. It is equivalent to ti generated by (aa) and (bb). 

(2) There are exactly two even self-dual Kleinian codes of length 4, up to 
equivalence. They are equivalent to e\ and (5^, where d'l is generated by 
(aaOO), (aOaO), (aOOa), and {bbbb) 

1.2. Binary codes. In this subsection, we recall the basic definitions for binary 
codes (cf. [CS99] V 

A binary (linear) code of length n is a subspace of F2 . The weight wt(x) of a; = 
(xi) G F2 is the number of nonzero Xi. For a subset D of , we denote the set of all 
elements in D of weight m by D{ni). A binary code C is doubly-even if wt(x) G 4Z 
for all X EC. The dual code of C is defined by C-^ = {a; G F^ | (x, C) = 0}, 
where {x,y) = X^iLi^^y*- ^ binary code C is self-dual if C = C^. Two binary 
codes are equivalent if one of them is obtained from the other by a permutation of 
the coordinates. The weight enumerator of a coset a; + C G jC is defined by 

n 

W^^C{X,Y) = ^wtfo)y«-wtfe) ^ |(x + C)(TO)|X"r"-™. 

yGx+C m— 

We refer to jCS99) for the details about the binary codes eg and d\^. 

Lemma 1.2. (cf. [CS99]) 

(1) The extended Hamming code eg is the unique doubly-even self-dual code of 
length 8, up to equivalence. 

(2) There are exactly two doubly-even self-dual codes of length 16 , up to equiv- 
alence. They are equivalent to e| and d^g . 

1.3. Lattices. In this subsection, we recall the basic definitions for lattices (cf. 
[CS99j). 

Let (•,•) be a positive-definite symmetric bilinear form on K.". The norm of 
V G M" is {v,v). For a subset U C M", let us denote by U{m) the set of all vectors 
of norm m in U. A subset L of R" is a (positive-definite) lattice of rank n if there 
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is a basis ei, 62, . . . , e„ of M" satisfying L — Ze^. The dual lattice L* of L is 

defined by L* = {u e R" | (m, L) C Z}. The discriminant group of i is the quotient 
group L* / L. A lattice L is ewen if (u, u) e 2Z for aU v £ L, and i is unimodular if 
L = L* . Two lattices are isomorphic if one of them is obtained from the other by 
an orthogonal transformation of W\ The theta series of a coset A + i G is 
defined by 

■uGA+L m=0 

We refer to |CS99) for the details about the lattices Eg, and Df^. 

Lemma 1.3. (cf. [WliTl [CS99) ^ 

(1) The root lattice Eg is the unique even unimodular lattice of rank 8, up to 
isomorphism. 

(2) There are exactly two even unimodular lattices of rank 16, up to isomor- 
phism. They are isomorphic to Eg and D^^ . 

1.4. Vertex operator algebras. In this subsection, we recall the basic definitions 
for vertex operator algebras (cf. jBo86l IFLM881 IFHL93| ) . Throughout this article, 
all VOAs are defined over the field C of complex numbers. 

A vertex operator algebra (VOA) is a Z>o-graded vector space V = ®,„gz>o ^ 
equipped with a linear map y : V — > (End(V))[[2;, z"^]], v Y{v,z) — J2iez^i^~^~^ 
and non-zero vectors ly and LUy satisfying a number of conditions ( |Bo86[|FLM88| ). 
We often denote it by {V,Y) or V. Two VOAs {V,Y) and {¥',¥') are said 
to be isomorphic if there exists a linear isomorphism g from V to V' such that 
gY{v,z)w — Y' {gv, z)gw for all v,w GV and g{u!v) — oJv- 

An (ordinary) module {M,Ym) for a VOA is a C-graded vector space M = 
©meC^™ equipped with a linear map Ym '■ V -> (End(M))[[z, z~^]] satisfying a 
number of conditions ( |FHL93j ). We often denote it by M and its isomorphism 
class by [M]. The weight of a homogeneous vector v e Mk is k. The character of 
M is defined by 

chM(g)=g-"/'^5]dimM„g'", 

mGC 

where n is the central charge of V. A module is self-dual if its contragredient module 
( jFHL93) ) is isomorphic to itself. If M is irreducible, then there exists /i e C such 
that M — ^ih+m and Mh 7^ 0. The number h is called the lowest weight 

of M. ~° 

A VOA V is of CFT type if Vq = CI, and V is C2-cofinite if y/Spanc{a_26 | 
a,b £ V} is finite-dimensional. A VOA V is simple if it is an irreducible T^-module, 
and V is rational if any module is completely reducible. A rational simple VOA V 
is holomorphic if any irreducible module is isomorphic to V . 

The following was proved in |DM04b] . For the lattice VOA Vl, see Section 1.5. 

Lemma 1.4. IDM04bj 

(1) The lattice VOA Ve^ is the unique C2-cofi,nite holomorphic VOA of CFT 
type of central charge 8 up to isomorphism. 

(2) There are exactly two C2-cofinite holomorphic VOAs of CFT type of central 
charge 16 up to isomorphism. They are isomorphic to Vg2 and Vjj+ . 
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Let Ala, Mb, Mc be modules for a simple VOA V. Let Nj^^" ^.^^ denote the dimen- 
sion of the space of all intertwining operators of type Ma x — > M^, which is called 
the fusion rule ([FHL93]). By the definition of the fusion rules, Nj^" = N^" if 
Mx = Nx as V-modules for all x — a,b, c. Hence, the fusion rules are determined by 
the isomorphism classes of V^-modules. Let R{V) denote the set of all isomorphism 
classes of irreducible ^-modules. For convenience, we use the following expression 

[A/]efi(y) 

which is also called the fusion rule. 

Let V{0) be a simple VOA. An irreducible y(0)-module M^ is called a simple 
current if for any irreducible V^(0)-module M^, there exists the unique irreducible 
F(0)-module M^ such that [M^] x [M^] = [M^]. A simple VOA V is called a simple 
current extension of V{0) graded by a finite abelian group A if 1/ is the direct sum 
of non-isomorphic irreducible simple current y(0)-modules {V{a) \ a € A} and for 
aU a,PeA, the fusion rule [V^(q!)] x = [V{a + P)] holds. The uniqueness of 

simple current extensions was established as follows. 

Proposition 1.5. [DM04[ Proposition 4.3] (cf. |Ho03b[ Theorem 4.3]) Let {V,Y) 
be a simple current extension of a simple VOA V(0). Then the VOA structure of 
V as a simple current extension ofV{0) is uniquely determined by the V{0)-module 
structure of V , that is, if {V ,Y) has a VOA structure with V — V as vector spaces 
and Y{v,z) ^ Y{v,z) for all v e V{0), then the VOAs {V,Y) and {V,Y) are 
isomorphic. 

When every irreducible y-module is a simple current, x is a binary operation 
on R{V)- In addition, if x satisfies the associative law, then {R{V), x) is a group, 
which we call the fusion group of V . 

1.5. Constructions of binary codes, lattices and VOAs. First, let us consider 
the binary codes C{K) and C^{K) of length Am obtained from a Kleinian code K 
of length m [Ho03ai Section 7] . 

Construction A: 

(1.1) C{K) = k + d'^, 

where " : 7^" ^ F^™ is the map induced from K ^ F^,0 ^ (0000), a ^ 
(1100), b ^ (1010), c ^ (0110), and d"^ = {(0000), (1111)}". 
Construction B: 

(1.2) C+{K)=k + {d^^)^, 

where " : K™ F^™ is defined as before and ((i™)o is the subcode of consisting 
of vectors of weight divisible by 8. 

Lemma 1.6. (cf. |Ho03al Lemmas 2 and 3]) Let K be a Kleinian code of length m. 

(1) If K is self-dual, then so is C{K). 

(2) If K is even, then both C{K) andC^{K) are doubly-even. 

(3) The weight enumerators of C{K) andC^{K) are given as follows: 

Wc(K){X,Y) = Wk{X^ + Y\2X^Y^), 
Wc^^K){X,Y) = ^{WKiX' + Y\2X^Y') + {X'-Y^r). 
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Let us consider some examples. 

Lemma 1.7. (1) The binary code C(e2) is equivalent to eg. 

(2) The binary codes €{62) andC{S^) are equivalent to and d^^ respectively. 

(3) The binary codes €^{€2) andC^{S^) are equivalent. 

Next, let us consider the lattices C{C) and £+(C) of rank n obtained from a 
binary code C of length n ( [C S99 j ) . Let ai, a2, . . . , a„ be an orthogonal basis of 
R" of norm 2. 

Construction A: 

n 

(L3) £(C)-^Za, + ^Z-ae, 

i=i cec 

where ac — J2i=i '^i'^i ^^'^ '^i ^ {^i !}• 
Construction B: 

(1.4) C+iC)= J2 Z(a, + aj) + ^zia„ 

l<i,j<n ceC 

where ac is defined as before. 

Lemma 1.8. [CS99j Let C be a binary code of length n. 

(1) If C is self-dual, then C{C) is unimodular. 

(2) If C is doubly-even, then both C{C) and £"'"(C) are even. 

(3) The theta series of C{C) andC'^{C) are given as follows: 

Qc(C){q) = Wc{e3iq),02{q)), 

QcncM = \{Wc{03{q),e2{q)) + 0,{qr), 

where eM^l:^ez<f\ Uq) = ^?4(g) - E.«(-1)V' ■ 

Let us consider some examples. For (3), see jKKM9ll (5.3.1)]. 

Lemma 1.9. (1) The even lattice C{es) is isomorphic to Eg. 

(2) The lattices >C(e|) and >C(ci^g) are isomorphic to i?| and Df^ respectively. 

(3) The lattices C~^{eg) and C~^{d'^Q) are isomorphic. 

Finally, we consider the VOAs and Vj^ of central charge n obtained from an 
even lattice L of rank n f |Bo861 IFLM88| ). 

Set i)L — ^®zL and extend (•, •) to a symmetric C-bilinear form on f)i. We view 
f)L = C L as an abelian Lie algebra. Let t)^ = ^l® C[i, t~^] © Cc be its afhne 
Lie algebra. Set = ® t~^€,[t~^] and let S'(f)^) be the symmetric algebra of 
f}^. Then S'(f)^) = C[a (Xi | a G n < 0] • 1 is the unique irreducible f)L-module 
such that c acts as 1 and a(8)t"-l = 0ifa€f)L and n > 0. 

Let us consider the twisted group algebra of the additive group L. Let (k^) be 
a cyclic group of order 2 and let 

(1.5) 1 ^ (kl) L a L -^1 

be a central extension of L by (kl) with the commutator map co(a,/3) = (a,/?) 
(mod 2), a, f3 Q L. Then we obtain the twisted group algebra C{L} = C[L]/{kl + 
1), where C[L] is the usual group algebra of the group L. The lattice VGA Vl 
associated with L is defined to be Vl = S{i)2 ) as a vector space. We refer 
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to [FLM88| for the definition of the vertex operator on Vl- Note that the central 
charge of Vl is n. 

Let Ovl be an automorphism of Vl of order 2 which is a lift of the — 1-isometry 
of L. Let Vj^ denote the subspace of Vl fixed by 6vj^- Then Vj^ is a vertex 
operator subalgebra of Vl ■ Note that the automorphism is not unique but the 
isomorphism type of Vj^ is independent of the choice of 6*^/^ [DGH98[ Appendix D] . 

As a summary, we obtain two VOAs of central charge n: 

Vl = Sii)l) ® C{L} and V+ ^{v^VlI 9v^ (v) = v}. 

We call the constructions of Vl and Vj^ from an even lattice L Construction A and 
Construction B respectively. 

Lemma 1.10. [Do93[ IFLMSB] Let L be an even lattice of rank n. 

(1) If L is unimodular, then Vl is holomorphic. 

(2) The characters of Vl and V^ are given as follows: 



chy+ (q) = 



1 f^Liq) , viqY 



2 V viq)" ??(2g)" 

where Tj{q) = q^^^^Ufl^{l - q'). 
The following lemma was verified in |Sh06[ Lemma 3.4]. 
Lemma 1.11. The VOAs Vt and are isomorphic. 

^8 -Die 

Now, we recall some facts about irreducible modules for Vj^ ( |FLM88"1 IDN991 
IAD04| ). Let V£' be the — 1-eigenspace of in Vl- Then is an irreducible 
Vj^-module. For a coset A + L G L*/L, Vx+l — S{^]^) ® C[A + L] is an irreducible 
Vi-module. If A ^ L/2, then Va+l is also irreducible for Vj^ . If A e L/2, then 
T^A+L is the direct sum of two irreducible V^-submodules V^^_^j^ and V^_^j^. Set 
J = {a~^0y^(a) I a G L}. Then J is a normal subgroup of L. Let be an 
irreducible module for L/J with character x satisfying xi^^J) = ^1- Then there 

-I- T ± 

are two irreducible l/£^-modules Vj^^' associated with T^. 

It was shown in |DN991 IAD04] that any irreducible V£''-module is isomorphic to 
one of V^^^ (A G L* n (L/2)), V^+l in^ L*\ (L/2)) and V^""^ . By the fusion rules 
for irreducible ^/-modules [AbOTl IIJL05] . one can obtain the following lemma. 

Lemma 1.12. The irreducible V^ -module Vf_i+L (// G L* \ (L/2)) is not a simple 
current. 

The characters of V^^^ and V^^'^ are given as follows ( |FLM88] ) : 
(1-7) c\-^.Aq) - )■ 
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2. Isomorphism problems for the even lattices C{C) and £+(C) 

2.1. A characterization of doubly-even binary codes obtained from Kleinian 
codes. In this subsection, we characterize the doubly-even binary codes obtained 
by Construction B from Kleinian codes, which will play an important role in Sec- 
tions 2.3 and 2.4. Note that this is a code analogue of the characterization of the 
even lattices obtained by Construction B (see Proposition [321) given in jSh06] . 
Let u, = (o4(*-i)l4o«-4») e for 1 < i < n/4. If m = n/4 e Z, then 
= Spauj-^jui I 1 < i < ra\ and {d^)^ = Spanj.^{ui -I- | 1 < i, j < m}. For our 
purpose, we need the following lemma. 

Lemma 2.1. Let C he a doubly- even binary code of length n — 4m G 4Z. 

(1) // C C, then C ^ C{K) for some even Kleinian code K of length m. 

(2) Assume that (dj')o d C , Ui C and Ui & . Then C ^ C+{K) and 
C + F2U1 = C{K) for some even Kleinian code K of length m. 

Proof. (1): Let x = (xi, X2, ■ ■ ■ , Xm) G C', where Xi G F|. Since C is doubly even, 
(x,itj) = (x,, (1111)) = 0, equivalently wt(a;,) G 2Z. It follows from ]K+F2(1111) ^ 
{w G Ff I wt(w) G 2Z} that x^ &Kov x^ + (1111) G IK. For the map " , see (fTT]) . 
Hence there is a unique G such that x a + d™. Set i^'^jfexla^GC'}- 
Then C C C(/\). It follows from dj^ C C that fc^^ e C. Thus by (HH) C "^CiK). 
Since C is a doubly-even binary code, K is an even Kleinian code. 

(2): Set C = C -I- F2U1. It follows from m G and wt(ui) = 4 that C is 
doubly-even. Since ux ^ C, we have C C C*. Let y = (j/i, 1/2, • ■ • , y™) G \ C'-'-, 
where yt G Fj. It follows from {y,Ui) 7^ and {y,Ui + Uj) = for all i,j that 
wt(yi) = 1 or 3 for all i. Since C is doubly-even, C C C^. Hence Ui G for any 
i, and we may assume that wt(?/i) — 1 for all i, and y — (00010001 . . .0001) up to 
coordinate permutation. 

Let X = {xi,X2, ■ ■ ■ ,Xm) G C, where Xi G Fj. Since Ui G for all i, we 
have (xi, (1111)) = 0. Hence there is k^ G IK™ such that x £ k^ + d™ . Since 
(a;,2/) = E"i(a;»,(0001)) = and {k,y) = 0, we have a; G fc, -t- «)o. By 
the same argument as in (1), ii' = {fca; | x G C} is an even Kleinian code and 
C ^ C+{K) (cf ([O])). Moreover, C + F2U1 = C{K). □ 

Proposition 2.2. Let C be a doubly-even binary code of length n. If there exists 
a cosetx + C eC^/C satisfying \{x + C){A)\ > n/ A + \CiA)\ thenC '^C+{K) and 
C + F2X C{K) for some even Kleinian code K of length n/4. 

Proof. In order to apply Lemma 12.11 (2), we will show that the coset x -I- C 
contains {ui \ 1 < i < n/A]. Assume {ui \ l<i<r}Cx + C and r < n/4. We 
claim that the coset x + C contains (O^**, z) with wt(z) — 4. 

Let V = (wi, U2, ■ • ■ , Wr, z) e {x + C)(4), where G F2 and z G F2"''''. Then 
v-\-Ui G C. It follows from m G that {v-\-Ui, Ui) = {vi, (1111)) = 0, equivalently, 
wt{vi) G 2Z. If wt(?;i) = 4 for some i, then v = Ui since wt(w) — 4. Set 

y = {(yi,2/2, . . . ,2/r,2:) e (x + C)(4) I wt(y,) = 2 for some l<i<r}. 

For y €z Y, let m(?/) = min{i | wt(j/i) = 2}. In order to give an upper bound for \ Y\, 
we consider the map -.Y ^ C(4), y H> y + u„i^y-^ and show its injectivity. Assume 
V'(2/) = V'(2/')- Then y ^^(y) = y' equivalently y + y' ^ u„,(y) + 

By the definition of Ui, wk{Um(y) + Um(y')) = or 8. If wt{um(y) + Um(y')) = 8, 
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then m{y) ^ m(2/'). However, by wt{y + y') = 8, we have wt(j/„(j^)) = wt{ym{y')) = 
^^(ym(y)) ~ ^^(ym(y')) ~ 2' ^^'^ ™(y) = ™(?/'); which a Contradiction. Hence 
wt(um(y) + w^i-y/)) = 0, equivalently, y = y' . Thus is injective. In particular, 
1^1 < |C(4)|. 

By the definition of we have 

{(0, . . . , 0, ^) e (a; + C)(4) | z e F^'l = {x ^ C){^)\{J y^ {u,\\ <i < r}). 

By the upper bound of |y|, 

+ C)(4) \ (F U {7.. I 1 < * < r})| > Kx + C)(4)| - |C(4)| - r, 

and it is greater than by r < n/4 and the claim follows. Hence there is an 
element (0'''', z) e a; + C with wt(z) = 4. We define it to be Mr+i up to coordinate 
permutation. Thus the coset a; + C contains \ui | 1 < i < n/4} up to coordinate 
permutation, and n/4 must be an integer. Moreover, + Uj (z C for all i, j. Hence 
ui g C^, ui ^ C, and Spaup^jui + uj \ 1 < i,j < m} = (d™)o C C. Therefore the 
proposition follows from Lemma [23] (2). □ 

Remark 2.3. IfC = C+{K), then liil^O"^-^) + C){A)\ = n/ A + \C{A)\. 

2.2. Even lattices C{C). In this subsection, we study the isomorphism classes of 
C{C). The following proposition is well-known (cf. jCS99[ Chapter 18, Proposition 
4]). However, we give a sketch of a proof since it would be useful for understanding 
the arguments in the VGA case (see Section 3.1). 

Proposition 2.4. Let C and D he doubly-even binary codes of length n. Then 
C{C) ^ C{D) if and only ifC^D. 

Proof. The "if part is obvious. For the "only" part, we assume that C{C) = 
C{D). One can verify that the Weyl group of the norm 2 vectors in C{G) is transitive 
on the set of all orthogonal bases of norm 2 in C{C). Hence we may assume that 
the canonical bases {ai | 1 < i < n} of C{C) and C{D) in (|1.3p are the same up to 
automorphism. Since the binary code C can be recovered from {ai | 1 < i < n}, 
we obtain C = D. □ 

2.3. Even lattices £+(C). In this subsection, we study the isomorphism classes 
of C+{C). 

The following lemma can be easily proved by using the quadratic spaces of plus 
type over F2 associated to doubly-even binary codes of length 8k containing (1*'^). 

Lemma 2.5. For any doubly- even binary code of length 8k, there exists a doubly- 
even self-dual binary code of length 8k containing it. 

By do]), {df)o C C+{K) and (00010001 . . .0001) G C+{K)^. Hence by |KKM91l 
Lemma 3.3.2], we obtain the following lemma. 

Lemma 2.6. Let K be an even Kleinian code of length m. Let p be the orthogonal 
transformation of M^™ defined by 

5(Q!4i-3 + "41-2 + "41-1 + Ctii) if j = 4i, 

\{-au-z - "41-2 - "41-1 + an) + aj if 4i - 3 < j < 4i - 1, 



where {ai | 1 < « < 4m} is the basis o/M^™ as defined in \L3]} and Then p 

is an isomorphism of lattices from C{C^{K)) to C~^{C{K)). 
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The following proposition was shown in [KKM91j if n > 16, and the case n < 16 
is a finite problem. However, we give a proof here since it is useful for understanding 
the VOA case (Theorem |3H). 

Theorem 2.7. (cf. |KKM9ll Theorem 3]) LetC and D be doubly-even binary codes 
of length n. Then C'^{C) = C^{D) if and only if one of the following holds. 

(1) C and D are equivalent. 

(2) C and D are doubly-even self-dual binary codes of length 16. 

Proof. The "if part follows from Lemmas O (2) and[IIl](3). For the "only" 
part, we assume that £+(C) = £+(£>). Then by Lemma 11.81 (3) and the fact 
that 62 and 6^ are algebraically independent (^ jEb02[ Section 2.9]), Wc{X,Y) = 
Wd{X,Y). Since £+(C) ^ £+(£>), there is an isomorphism ip : C+{D)*/C+{D) 
C+{C)*/C+{C) of their discriminant groups. Let A + C+{C) = ip{ai + C+{D)), 
where {ui | 1 < i < n} is the canonical basis of R" as defined in (|1.3p and (|1.4|) . 
Without loss of generality, we assume (A, A) = 2. By (|1.4|) . 

£+(Cr =/:(C^)+zia(i„). 

For c ~ (ci) E ¥2, let Sc be the orthogonal transformation defined by edai) — 
{—l^'ai. Then Ec is an automorphism of £+(C) if c G C^. By the actions of Ec, 
we may assume that A = ai, ay/2 {y e ^^(4) \ C), Q!(in)/4 — ai or a(in)/4. 

(i) Assume that A ai. Then C{C) = C{D), and by Proposition [231 C ^ D. 

(ii) Assume that A = cty/2. Comparing the numbers of vectors of norm 2 in ai + 
C+{D) and A + £+(C), we obtain 2^\D{A)\+2n ^ 23|(y + C)(4)|. By Wc{X,Y) = 
Wd{X,Y), we have |C(4)| = |£)(4)|. Combining the equations, we obtain 

23|C(4)|+2n = 23|(y + C)(4)|. 

Then by Proposition 12.21 C = C^{K) and C + ¥2y = C{K) for some even Kleinian 
code K of length n/4. Hence 

C{D) = C+iD) U (ai + C+iD)) = C+{C) U (A + C+{C)) ^ C+{C{K)) ^ C{C), 

where the last isomorphism is given in Lemma [2^ Thus by Proposition l2.41 C = D. 

(iii) Assume that A = a(in)/4 — ai. Since the norm of A is 2, n must be 8. Since 
2A e C+{C), C contains (1^). It follows from Wc{X,Y) = Wd{X,Y) that D also 
has (1^) and dimC = dimD. One easily see that there are only four doubly-even 
binary codes of length 8 containing (1*) up to equivalence, and those are determined 
by the dimensions. Hence C ^ D. 

(iv) Assume that A = Q!(x")/4. Since the norm of A is 2, n must be 16. Let 
k be the dimension of C. Then C^/C ^ Zl^'^'' . By |(ai + £+(C))(2)| = |(A + 
C+{C))(2)l we obtain 23|C(4)| + 2^ = 2^ equivalently, 

(2.1) |C(4)| =2'^-3_4. 

If C is self-dual, then so is D, and hence (2) holds. Assume that C is not self-dual. 
Then by |C(4)| > 0, we have 5 < fc < 7. By Lemma [2.5[ there is a doubly-even 
self-dual binary code E of length 16 such that C C. E. By Lemma[T3] (2), E ^ d^g 
or e|, and |-E(4)| = 28. Hence there exists a coset x -ir C G E/C such that 

+ 0,4,1 , ^(l™ . . 2- HC(4,K « 
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By Proposition 12.21 C = C^{K) for some even Kleinian code K of length 4. By 
\C+(K)\ ^ 2^\Kl we have \K\ = 2^-^. By Lemma HH (3) and \K{2)\ = 

|C(4)|/2 = 2'^-* _ 2. Since \K{4)\ = \K\ - \K{2)\ - \K{0)\ = 2''^^ + 1, we obtain 

(2.2) Wk{X, Y) ^ {2''-^ + 1)X'^ + (2'=-'* - 2)X^Y^ + V^. 

Replacing C by D, we also have C = Z?, or 13 = C+(J) for some even Kleinian 
code J of length 4 with the same properties as K. One can verify that there are only 
four even Kleinian codes of length 4 satisfying (|2.2p up to equivalence (cf. |H603a| ). 
Two of them are characterized by the weight enumerators, and the others are the 
two even self-dual Kleinian codes and of length 4 (Lemma ll.ll (2)V By Lemma 
0(3) C+{el) = C+{S+). Thus we obtain C D. □ 

2.4. Even lattices C{C) and £+(C). In this subsection, we study the isomor- 
phism classes of £{C) and £+(C). 

Theorem 2.8. Let C and D be doubly-even binary codes of length n. Then 
C'^{C) = C{D) if and only if there exists an even Kleinian code K such that 
C = C{K) and D^C+{K). 

Proof. The "if part follows from Lemma [2.61 For the "only" part, we assume 
that £+(C) = ^{D). Comparing the numbers of vectors of norm 2 in the lattices 
(Lemma ll.81 f3)). we obtain 

8|C(4)| = 2n + 16|i:>(4)|. 

Since C+{C) = £(£>), there is an isomorphism ip : C+{C)*/C+{C) C{D)*/C{D) 
of their discriminant groups. By C{D)* = £{D^), there is a: S \ D such that 
ax/2 + C{D) — <y9(ai -I- C^{C)). Comparing the numbers of vectors of norm 2 in 
ai + C'^{C) and ax/2 + C{D), we obtain 

2n + 8|C(4)| = 16|(a; + L')(4)|. 

Combining the equations, we obtain 

\{x + Dm=n/4+\D{A)\. 

By Proposition 12.21 D = C^{K) for some even Kleinian code K. Then by Propo- 
sition [2]6] and an assumption, 

£+(C(i^)) ^ C{C+{K)) = C(D) = C+{C). 

By Theorem l2.71 C = C{K), or both C and C{K) are (non-isomorphic) doubly-even 
self-dual binary codes of length 16. In the first case, we are done. In the latter 
case. Lemmas O (2) andO(2) show C ^ C{K'), where {K,K'} = {elSf}. By 
Lemma[r71(3), C+iK) = C+iK'). Hence we have D ^ C+{K') and C ^ C{K'). □ 

3. Isomorphism problems for the VOAs Vl and Vj^ 

3.1. VOAs Vl- In this subsection, we study the isomorphism classes of Vl- The 
following proposition is well-known. Its proof is similar to that of ProDOsition l2.4l 

Proposition 3.1. Let L and N be even lattices of rank n. Then Vl = Vat if and 
only if L N . 

Proof. The "if part is obvious. For the "only" part, we assume Vl = Vn- By 
the VGA structure of Vl l' |FLM88j 'l. S{i)l) is a sub VGA and Vl = 0„gi S{i)l) 
e" as S'(^£)-modules. Note that f)L(-l)l = S{i)l) n {Vl)i. Then for h e 1)l, 
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S{t}j^ ) (8) e" is the eigenspace of the 0-th product of 1)1 with eigenvalue {a, h). 
By the same argument, Vn = ®^gjv '5'(^^)®e^ as S'(^^)-modules, andf)jv(— 1)1 = 

S{t)Jj) n {Vn)i. Since dim(VL)o — 1, (Vl)i has a finite dimensional reductive Lie 
algebra structure by the 0-th product. Using the fact that Vl = Vjy, we may view 
both 1)1 and f)Ar(— 1)1 as Cartan subalgebras of {Vl)i- Hence there exists 
g e (exp(i;o) | v £ (Vl)i) C Aut(yL) such that g([)Ar(-l)l) = [)l(-1)1. Since 
S{i:)Jj) is generated by f)Ar(— 1)1 as a VOA, we have ff(<5'(f)^)) = 3(1)^^). Hence 
for any l3 £ N, g{S{^Jj) (g) e^) = S{i)l) e" for some a G i. Set g{(3) = a. 
Since g is an automorphism of a VOA, 5 is a linear isomorphism from N to L, and 
{g{/3),g{l3)) = {/3,/3) for all (3 £ N . Thus g is an orthogonal transformation, and 
N'^L. □ 

3.2. VOAs . In this subsection, we study the isomorphism classes of . 

The following proposition, which is similar to Proposition 12. 2i was proved in 
[Sh06]. 

Proposition 3.2. [ShOGl Theorem 2.2] Let L he an even lattice of rank n. If there 
exists X £ (L* n L/2) such that |(A + L)(2)| > 2n + \L(2)\ then L ^ £+(C) and 
L + ZA = C{C') for some doubly-even binary code C. 

Next, we will consider an even lattice L such that \plL* is even. 

Lemma 3.3. Let L he an even lattice. If \plL* is even, then 2L* C L. 

Proof. Since V2L* is even, we have V2L* C {V2L*)* = L/V2, and 2L* C L. □ 

Remark 3.4. In |Sh04[ [Sh06| . an even lattice L was said to he 2-elementary totally 
even if 2L* C L and if V2L* is even. By the lemma above, if \f2L* is even, then 
L is 2-elementary totally even. 

The following lemma can be proved by using the quadratic spaces over F2 asso- 
ciated to 2-elementary totally even lattices of rank 8fe. Note that it is of plus type 
by |W79l Theorem 1]. 

Lemma 3.5. Let L he an even lattice of rank 8k such that \f2L* is even. Then 
there exists an even unimodular lattice of rank 8k containing L. 

Let us review some properties of irreducible modules for . 

Lemma 3.6. The following three conditions are equivalent. 

(1) Any irreducible Vj^ -module is a self-dual simple current. 

(2) An irreducible Vj^ -module V^^'"^ is self-dual. 

(3) V2L* IS even. 

Proof. Obviously, (1) shows (2). By Lemma [3.31 and |ADL05) . one can see that 
(3) implies (1). 

Assume (2) and let V^'^''^ be a self-dual irreducible Vj^-module. Let M be the 
contragredient module of Vj^'" . Then by |ADL05[ Proposition 3.7], M = Vj^^ ' 
and x'{s) = (-l)(p('').P(^))/2;^(s) for s £ Z{L/J), where p is given in (HH]). Since 
fJ'^'^ is self-dual, we have x' = X- It follows from p{Z{L/J)) = 2L*/2L that 
{v,v) £ 4Z for aU v £ 2L* . Hence V2L* is even, and we obtain (3). □ 

Note that the fusion rules of Vj^ are associative |ADL05[ Theorem 5.18]. 
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Lemma 3.7. (cf. [ ADL05] ) Let L be an even lattice such that \/2L* is even. Then 
the fusion group of Vj^ is isomorphic to an elementary abelian 2- group of order 
2^+2^ w/iere k is the integer satisfying L* / L = WJ^. 

A triality automorphism of V'^j-p-j which sends V^j-^^^ to "^ai+c+ic) given 
in |FLM88[ Chapter 11]. The following lemma can be verified directly. 

Lemma 3.8. (cf. [FLM88[ Chapter 11]) Let C he a doubly-even binary code. Then 
there is an isomorphism of VOAs from Vjr+(c) V^^y 

Now, we prove the following. Its proof is similar to that of Theorem 12.71 

Theorem 3.9. Let L and N be even lattices of rank n. Then the VOAs Vj^ and 
Vj^ are isomorphic if and only if one of the following holds. 

(1) L and N are isomorphic. 

(2) L and N are even unimodular lattices of rank 16. 

Proof. The "if part follows from Lemmas 11.31 (2) and 11.111 For the "only" 
part, we assume that = . By Lemma H. 101 (2). <dL{q) — Qn{q), and hence 
chVj^ — chVj^ . We regard the irreducible V^-module as an irreducible Vf^- 
module. Since Vj^ is a self-dual simple current, it is isomorphic to V^, V^_^_j^ (A ^ L) 
or Vj^^'^ as V£''-modules under the isomorphism of and Vj^ by Lemma [1.121 

(i) Assume that = . Then Vjsr = © Vf^ is a simple current extension of 
Vj^. Hence by Proposition 1 1 . 5 1 y^\f = Vl as VOAs, and by Proposition 13. II L = N. 

(ii) Assume that = V^^^. Since Hom(L*/2L*, Z2) C Aut{V^) ( |FLM88) ). 
we may assume that £ = + up to conjugation f |Sh04| ). It follows from chVj^ = 
chV^ that chVj^ — chV^"^^ . Comparing the dimensions of the weight 1 subspaces 
of and (Lemma [Hn] and (HI])), we obtain 1^(2)] + 2n = \{X + L){2)\. 
Hence by Proposition 13.21 L = £+(C) and L + ZA = C{C) for some doubly-even 
binary code C. By Proposition 11.51 as VOAs, 

where the last isomorphism is given in Lemma 13.81 By Proposition 13. 11 we obtain 
L = N. 

(iii) Assume that ^ F^"' .By Lemma [l. 101 and (|1.7I) . the lowest weights of 
and Vj^ are 1 and n/16 + 1/2, respectively. Hence n — 8. Since Vj^ is a self- 
dual, so is V^"' . Hence V2L* is even by Lemma f3.61 Since V2{V2L*)* = L IS even, 
we have V2L* C Es by Lemmas O (1) and [331 Hence Es C {V2L*)* = L/V2, 
equivalently, V2Es C L. Replacing N by L, we have (i), (ii) or (iii) for V^. The 
first two cases show L N . Hence we may assume that V2Es CI N hy the same 
argument. One easily checks that there are only five even over lattices of V2Es up 
to isomorphism, and those are determined by the discriminant groups. Since the 
fusion groups of Vf^ and are isomorphic, so are the discriminant groups of L 
and N by Lemma l3Jl Thus L'^N. 

(iv) Assume that 1/^ = V^"'^. By ((TTl), the lowest weight of V^'"^ is n/16. By 
the same argument as in (iii), \f2L* is even and n = 16. Comparing the dimensions 
of the weight 1 subspaces of and VjJ^'^ (Lemma 1 1 . 1 01 and (|1.7p ). we obtain 

(3.1) 1L(2)1 =2^-^-32, 
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where \L* /L\ = 2^*^. If L is unimodular, then so is N, and hence (2) holds. Assume 
that L is not unimodular. By Lemma l3 . 5 1 there exists an even unimodular lattice P 
of rank 16 such that L C P. By Lemma O (2) , |P(2)| = 480. Hence there exists 
a coset ^ + L G P/ L such that 

|P(2)| - |L(2)| 512-2^-'^ „ , . 
Km + L)i2)\ > ' 1^^^^^ ^ \ ^' = = 2^-^ = \L{2)\ + 2 X 16. 

By Proposition 13. 2[ L = C^{C) for some t-dimensional doubly-even binary code C 
of length 16. It follows from |£+(C)*/£+(C)| = 2^8-2* that t = 9-k. By Lemma 
Oand n = 16, \C+{C){2)\ = 23|C(4)| + 2 x 16. Hence, by we obtain 

|C(4)| ==2*-3_4. 

Since |C(4)| > 0, we have 5 < i < 8. By the same arguments as in (iv) of Theorem 
12.71 (see (|2.ip ). if C is not self-dual, then C = C'^{K) for some even Kleinian code 
K of length 4 with the weight enumerator (|2.2I) . 

Replacing L by N, we also obtain L ^ N oi N = £+(£)) for some doubly-even 
binary code D of length 16 with the same properties as C. If C is self-dual then so 
is D, and L = N by Lemma[Il](3). If not, C C+{K) and D ^ C+(J) for some 
even Kleinian codes K and J of length 4. By Lemma we have L* / L = N* /N, 
dimC = dimZ?, and dim A' = dim J. Then by (|2.2I) . both Kleinian codes K and J 
have the same weight enumerator. Thus K = J or {K, J} ~ {sj, S^} (cf. [HoOSaj ). 
Therefore by LemmaOC = D, and L ^ £+(C) = C+{D) ^N. □ 

3.3. VOAs Vl and V^^. In this subsection, we study the isomorphism classes of 
Vl and . The proof of the following theorem is similar to that of Theorem 12.81 

Theorem 3.10. Let L and N be even lattices of rank n. Then the VOAs and 
Vn are isomorphic if and only if there exists a doubly-even binary code C such that 
L = C{C) and N = C+{C). 



n=\iX + N){2)\. 



Proof. Lemma 13.81 proves the "if part. For the "only" part, we assume that 
Vj^ = Vn. Comparing the dimensions of the weight 1 subspaces of Vj^ and Vn 
(Lemma ll.lOl (2)). we obtain 

^^.- + |A'(2)^ 

Let Vx+N be an irreducible Vjv-module such that V\+n — Vj^ under the isomor- 
phism of Vn and Vj^ . Comparing the dimensions of the weight 1 subspaces of 
and ^A-i-Ar, we obtain 

1^(2)1 
2 

Combining the equations, we obtain 

|iV(2)|+2n=|(A + iV)(2)|. 

In addition, the fusion rule [V^^] x [V^^] = (; |ADL05| ) shows [Vx+n] x [Vx+n] = 
[Vn]- Hence 2A € A^. By Proposition [321 ^ — for some doubly-even binary 

code C of length n. By Lemma [3^ we obtain Vj^ = Vat = Vc+{c) — ^c{C) ^ 
VOAs. By Theorem 13.91 L = C{C) or both L and C{C) are (non-isomorphic) 
even unimodular lattices of rank 16. In the first case, we are done. In the latter 
case. Lemmas O (2) and^{2) show L ^ C{D), where {C,D} = {e|,d^6}. By 
Theorem[2Jl C+{C) ^ C+{D). Hence A^ = C+{D) and L = C{D). □ 
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